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worduian to the actual facts of military operations., Such a
poeriormance analyeis ig ezsential to a decision conce?nin?
the regulrements for a new weapon or device anﬁ to the dis
covsry of the most profitable chamnel in whic te daevote
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10+ s % be emphasized agaln that the operations research
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tie locodgfong are fav, JSthelalmnlsxiFles wf, the actic
gfe-f;t;-ﬁnt’;'i:he'rréheﬂatn&?f 57 18" onteomo on the exipenciss
of the moment are obvious. In studying such action
statistical manner, the nrogress of coverations ressarch will
natrrally be slow. Certain agpects of these larger overa-
tions carn be studied in detall, and the whole nicture werhaps
can eventually be vut together. From what has been sald,
-however, it can be apnreclated that the elagsleal naval
engagement between surface vessels, or the classical land
hattle, is in general difficult for oporational research to
attack early in its development., Only after the simpler
cases mentioned above have heen thoroughly understecd, can
an attempt be made to analyze these more complex operations.
Strategy and tactics in the large will always be an art,
though operations research may help its practice by providing
tools of increasing power, Just as the study of physilology
has imoroved the art of medicine. _

Pleld Assignments, Collectilon of Data « The vapid
collsctlion of operational dadta in wartime 1ls immeasuradbly
imoroved by the assignment of g =clentifieally trained obe~
server as close to the operations ag is feasgsible, In earlier
centuries this was quite nossible becanze of the small seope
of most overations, 'In the First Vorid Var, however, it
teecame exceedingly difficult, primerily because the scope of
the operatlions were s¢ large that if the scientist got close
enough to see the details of cwerations, he inevitebly be-
carie a participant rather than an observer. The probiem has
Yacome somewhat nmore finplified in VWorld Var II, due primare

" ily to the dntveducticn of the airnlans. In all combat
Invalving adreraft, Ul e technical observer can be placed at
s forwvard alr base anc get his reporite at first hand froa
the vpartleipants irms iately after thoy have returned from
the cnerations. Tt his been found by experience that impore
tan®t facts concerning the operations can often only be
Setermined by having 1 technlically t-alned observer guestlon
the operatiocnal wersomel at first haind.

Another immortant finction of tie men in the field is
to see that the vsual action revnworts coatein as much useful
da+ta as possible. Becsusge these men know the kind of data
that are most amenable to analysis they can try t¢ zec that
the revorts are as ccmplieis as possible, are os "painless®
as nessible for the werson making them out, and that the
reports get sent as quickly 2g¢ possible Lo the headquazters
gnouy, for analysis. Uhey can alse defect at filrst haid what
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group which analyzes the. results from sll theaters and
comnares then for differences and slimilarities. The in-
nortance of the close irterrelation between the figlid
observers and the central group 1s obvious Im nractice
it hag been awrangod that members of t'e eeﬁtr 1 group
“spend a certain part of thelr time in the fle¢d to return
iatery to the central gvoup with irncreased insi gl into the
operationg thev are studving.

ILimitations of Oneratlonal Data - Statistleal analysis
ig nart of the observa vbional aspeeh of opsrational re%clrcha
The cperations are not controlled in the scientific sense,
and insight inno the reasons for thelr suceess oy fallure
can only be obtained br gtudying large numbers of similiar
operntions so as to find 'out by statistlical methods the
affects of the variaticn of one or more components of the
oraration, Thiz imposes cortain 1imit1t ons on the useful-
rness of the vesulis of the gtatistlcal analysis, fer the
ranvn of variaticon of the vvr*ouﬂ components in the onera-

t.on will, by th~ nature of things, be rather Iimited. Once
suecessful tacrtics have been deviszed, it becomes lessz and
less 1irely that the ovponents in the individual operation
N1 'ﬂvi%tﬂ wids=2y from the accustomed mean. Consegusntly
the operatlonal data can only be utilized (by aalnnlus cf
variations methods) to find whether small thpgna in com=
ponents will improve o diminish thn resulis.

U:

The resulis ol . c% variational stvdins are quite useful,
and thespplieations times auite strix*ng since often the
encmy's reaction to a ﬂugnmktauiye change in our opmra?ion is

wilre.i
.

2 &gmié&ggjze change in his counker-action. However, gtudy
of small variations is not usually sufficlient. In nun* cases
what is interesting 1z not a2 smell change In the tactics used

U}

but a comnletely different combination of aetions, a "mutation”

of’ the operaticn, as 1t were. These new tavties may not be
predl letablie frow the old operations by varlationanl caleda-
tJnns for the extrapolations mey be too large for firat ar&e“
ternms Here a murﬁly patheratical amalf is of the whole ope
du!OH9 or of varts i”i way | upp ly the necessary ?nowloago:
or 1t may bo qsioie that a series of disceuszsions with the
anarating ners @qnei M7 %%*nr the necessary insight.

Limitations of "Vyn@y“L%Q}QQQQM - It should be mentloned,

A D s
however, that the opinlons of a few Gozen Persens wdo have had
rrational TR jenge Arovl rl'&-im oxiamesly a3 'T"f‘. tadation
land ros el i:.i I"F ""-“ i ':J‘]'P‘ilf-:lt .Y |.=L“i:, thoueh
(3. Tdaeral T feeyievs ‘r-!;ﬂl#l AR epot _-“,;!'1 Averit:
correctlys thay alwavs tond to remember the texelting 7 one
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and fortht Athdl" "".E‘E'ﬁ:::.' et ielis thdin $itht &ng are neariy

always :':"*i:”‘}gc 1-'\;15 ® Itatas. ..E“:#‘i M in an operation
or an nnal

01 a7 “"‘I"""i"""':‘} are '_!'.TJ"?ITT"""J- and worth rocord
ing, ?“_-“'-‘ ey JJ"" need for untiased, impersonal facts, r;ﬂt

opinions, -aa: alwavs be born in mind; military personnel
(and indeesd most neople withovi rigorons selentifie training)
tend to take tha onnosito opinion of the relative validity

of ovindon vs. facts. One often hears the guestion, hy do
wran need iﬁtaiidd action revorts (or way should you uzbness
2is operation) when so-and-so ean tell you all sbont 182"
‘scienice has learned one thing in the rast three centuries
is that such a ﬂaJnt of wiew wmust be av01ﬂna if walid
ientifie resulis are Lo be achleved,

£ pude fond o ™3
T

Gx:‘i“ “;

The astatistical mnplysia of past operations is a vitally
importont vart of operations resesreh, but it has its limita-
tions and 1t must be supplemented b otn@r methods of seien-
Lifie atiack,

Operaticnal Txperiments - In a few cases experinmental
aethods oan he 1nsec. A tactieal exercise can be lald out so
that quaniitative neasuremente of the behavior of the forees
engaged ma” be obtsined. Such controlled experiments are
often difficult tu arrange so that they are really measured
exveriments rather than training exercisess for this reason
ﬂrf’many of then have been ecarried out. any more could
and should be carriecd outs perhaps the most useful activity
of operations research in peace time will be the organization
and atudy of such tactieal erperiments.

Althouph operational experiments unuai?j deal with
simplified components of an onfration, this is not an AT gl
nPﬁT that such e: nerimﬂnt have 11%tle value, though it is
an argunent that such GVpoerentﬂ musth be desligned very
carefully in order to produce usefu? cuvantlitative results.

As a matier of fact, operational experiments have nroven to
be a most valwable ﬁU?PP of guantiiative data concerning
operations, and it is highly Irmortant that such experimonts
be continued in gﬂsﬁ*@? runber in the «uﬁu There 1s great
riend In particular, for further study in tno %eﬂhniﬂuba of
planning these ta ?ical eprriwenca and in methods of meas-~
upirg the results. These matiers will beo discugsed in detall
in Chanter VIT, . ;

hhﬂTWf;nﬁlhwﬂiﬂ”(“ -~ Finally, Opt?qticﬁ fGCQG“(: auetd
e P tical rathods in ite develonmont., In
ﬁg.arfﬂ'{“'; weneh of seience,

ple the ame-
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An Imnortant e it enter iﬂb@ the thearetiecal-
traatment of tactics and eiratepy is *hr one of competition
?o»weﬁn the ornosing forces. The system as s whole cannot
LG K, :
be oousiderad as a purely mechanicel one with single ra-
aponses to svecific sitvations, The resent work of Von
Newmann and Torgensbern®** indicates that even this element
of com titiaon ean he T od thenmatl ‘-’\:i[!' i e arato
of competition ean he harndled mathematica n an adsqguaie

Xl
m:BnPP Some aswneets of their werk will be discussed ip
n\} Q’t@ 1‘1’ &

The fact that at sreseni purely theoretiesl analysges of
atrategy and tastics confine shamsalves to extremnely szmpli«
Fled components of cverations must not blind ug to the impor-
tance of such studies and to thelr eventual practical utility.

The theoretical ﬂﬁg@ﬂta of every science nmust start with the

atudy of abswurdly simvlified speclal cases. Vhen these simpls
cases are fully understosd and are then compared with the
achualities, jurther complexities can be introducsd, and czses
of praetical 1nmolt~r¢e can A’Gntumilj te studied. As hasz

been cogently saild, Tho fﬁh&uiL&T aroblen of the free

£211 of bodles is a Te v twea 1 ohysic 1 ﬁh@lﬁ“?ﬂﬁJw but it
wag the stndy of this odin L ujﬁﬁl“ faet, and its come
varison wﬁbh the ne ty@@ I@wi material, whieh broight forth

"

. Tt ean taus be gsos3n that opsrations research at present
‘15 but the beginning of the science of Jarfare, The start

nag been made, hovev vy the statistical methods rve at least
rnowing the wec&nmﬂbec of taetical ewr&r Tenfatiap have been
waltiv é@vpianuﬁ~ Further matnematical techniques may need

to be develnood, ’;L even bere the Pirst sters c:n be ghetched
out. The le a%v usefiliness of the regulis so for obtained
empinsize th ¢anuwtﬂnrﬁ-nf further develonment.

MThe Causes of Bvelunion®™ by JB.O h;*(ﬂww
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Cporfadiievd sesoateity o8 18°%4s b¥8h Bhodn hitherto, is.
the application of the scientifiec technicue to the study of
combinations of men and eguivment in warfare. As such it is
an application of science to the business of destruetion and
the defense against enemy destructive power. Uhile it is
necessary, in the vresent absence of world goverament, such
anplications are basically at variance with the fundamental
creative urge of most scientists. There is therefore some-
what of a tinge of self=-justificatlion in raising the question
hera as to whether the technigues of operations research
could be used in the study of peacetime operations.

There are other reassong for ralsing the question of
peacetime applieations, however, beside the natural wish %o
anply science to peaceful activities. Scientists engagéed in
operations regeareh during the war have nearly all of thenm
been struck by two simple but surprising facts: '

(a). Large bodies of men and equipment carrying oub
complex operations behave in an astonishingly regular
manner, so that one ean »redlct the outecome of such
operaﬁinns to o degree not forseen by most natural
sclentists, e

(hY. The lack of wunderstanding of the scientifie
avproach to a nroblem, and the lack of awareness
that selentific methods can help solve operational |
problems, on the part of most governmental, milltary,
and. industrial administrators, is likewlse asteonish-
ing (as well as depressing) to nabural scientists.

The first of these two ohservations indicates strongly
that the point of view and methods of operations research
can be of great value in fields other than warfare. The
gecond point indicates certain fundamental differences of
attiiude between scientists and administrators that require
eareful organizational nlanning and "indoctrinatlion® of hoth
seclentists and administrators i1f operations research is %o
be of use in a given fileld. These problems were ret and
colved for the military field during the past wari they are
discussed later in this seetion so they can be recognized
and solved in other fields.

The Constancy. of Opgrational Constants - The uniformity
~of behavior of equipment and men is not usually apparent until
a numbeg, of, gimilar operations have been commared, for this
unifornity ia 'e.gs'uaiggz.f:ﬁ:f‘.'a' grertisienld wature, Jor instance,
the frdedslonsoft,U=teals, *8dpr%ed Yor BpdtiR.itedalt in day-
1ight which are attacked hilt a1l vieibie’s ¥2d found to

24
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tered the war, similar calewlations .on this side of the
Atlantic cunwen that this same Trachion was betwesn 40 and
45 percent for all of 1942, even though the plane iype and
the traint 1” m@thouv utfferﬂﬁ from the British. ﬁtﬁ r onperae
tional quannltics yiich have remained constant Tor long
neriods of time ave discussed in Chanpter. TIT,

This constancy {(and therefore ~redictability) of opera-
tiong involving men and equinment is at least In nart due to
the faet that the vrescnce of cquipment forces the men to
acet in a mechanieal wmanner, This ray be deplored by nosts
but it should be the basis of hovs for social Sciﬁﬁﬁiﬂtﬁg
economists, and systems engineers. It means that, within
certain linmitations, the behavior of =en and machines can
be experimented with, measured, computed, and predicted.
Viewed from this wnre general. boﬁn, of J:@u the tachnﬁqv*
of operntions research can ceruﬁinlj he appi¢9d to the study
of neacatine opcrat*onsa

Such studies will draw upon voth the phj"ical and
binlogieal sciencas, The laws governing the sighting of a
U~boat by an aireraft observer denend upon the visval con-
trast bethen the nnrwal ceocan surface and the wake of the
submarine, the cotical transmission propertles of the dtmﬂo”
vhere, the methods hv which a person's eye scans a large area
the sensitivity of the eye retina to contrast, and on the
altitnde and speed of the nlans. Some of theswe Gaantﬁtio
are physical, some Dnvsiological, they all are measurable.
The ¢ thuin@ of the incoming aLreraf by a lockout on the
Umboat er@ndv on simiiar gquantitles, The fraction of Yboats
which have not the time to submerge before the aireraft ate-
tacks them depends on the rniationshin between these two sels
of gquantities.

From this point of view, the statement that 40 percent
of the svbmarxneq are sttacked on the swlface corrosponds
to an Interreiation batmeen physical and physiological ontlcs
and the vhysical capabilities of submarines and aireraft.
This point of vier is not = nev one., Vhat has not been ug=
vally avnpreciated is that these overall quantities often
remain remarkably constani; In spite of wide variations of
arxtraneous circumstances, Wﬁ long ag the aguipment invelved
remalns approximately tiie same. As soon as the Germans ~nJie
i 3'&6‘Ica1 e}*;ﬂ qms :i,'.'; et g "m*:.v.n:’".,v.;.; iy ‘-"b.". .""-*.'*-c-f:-:ic’m
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measurenments were made, a falrly
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Sam deer eergonzrifeeginenisrey A8t patanrobaBle Sl fotermined
: neacetimesygnratTdng. O Prallnsary -E gt as . utorobile
traffic infelantetthat®Mis 1% avenable to such analyvsis.
The eombined behavior of televhone subseribers, televhones
tolaphone overatera, nnd switchboards has long been studie&
by mathematielans at the Tell Telephone laboratories (see,
for examnle, the discussions in Frv "Prcbability and 1ts

Al

Fngineering Vses', New York, Van Nostrand and Company).

The behavior of customers in a- restsurant or of workers in
a Tactory, the raaction of readers to an advertlsement or

of the povulation to a subway syeiems shovld all yleld opera-

tiornal guantities which can be used for frture onrediction.
In some of these fields efficiency engineers and others have
alresdy mede a beginning, though the interrelations between

~the flelds have not been c¢larified as yet.

Anadyiical Study of Overational Constanis - From the
foregoing one might think that oneratlons research was but
a militory apnlication of what is somebtimes known as "effic~-
fency engineering". 1If operatlons research had stopped at
zetting overall constants, such as the fraction of submarines
attacled on the surface, $his statenent might be valid. In
most cases, howevery It was found ¢uiie Prultful to continue
the stndy %nta the details of the onerzation. In the aircrafi-
varsus~i~poat case, for instance, it ovroved advantageous to
set un physiological exveriments to determine the dbshavior
of the human eye when "scanning the horison®. Curiously
enough, such experiments had not been done in detail before,
and the work resulted in dmportant and valuable new knowledge
concerning the nse of the eya. This new Ynowledge could.be
nut back into the original wroblem to gain a much broadex
picture of the mechanism of sighifng Us-boats from aircrafi,
and vice versa. These facts, together with optical measure-
nents of the atmosvhere and of vroperties of the ocean surface,
enable one to mut together a farly comnlete theory of alr-
cvaft searsh by means of which one can predict what would
Wanpan in case the eguinment were changed.

The scientific stuvdles, therefore, went in two cteps?
first there was the recogniéiom of the constancy of certain
quantities tyoical of the operation, by means of which one
could rredlet the outcome of fubure overntions ags long as the

eawinment was: unchanzed. 'F:},nall:y{g after subsidiary lahoratory
Cif2

; teiled theory of the whole
oparation 4s obtained, from el one ean predlict the oulbcome
& 14 4

of future overations even if the eduipment is chansed, One
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from thio opgraslers unGer §$iidyee Theg,sbye.a jhdialchsicombi.
nation of a atatlsfltA1 hNsly¥es ©f tae covorsslicmobults of an
operation with purely physical and physiological laboratory
experinents one arrives at a truly scientific Insicht into
the detalls of the operatlon, Whan thls stage has been ,
reached, it is posslble, to "design" the operatlon to plve the
results desired. '

'

Messures of Valuas -~ A% this stage in the 1investigation
the worker must broaden hig fleld of view and 1lnvestigate
the measures of wvalue which must be applled to the operation.
As goon as a detalled theory enables one to predlict the
chaniges in overall rosults arising from changes in equipment
or procedure, one must ask which result is better than the
other and by how much is it better. In the case of. opera-
tions of war, the messure 1s often easy to flnd: the opera-
tion is best whilch destroys the snemy force most rapidly or
which destroys moat of his productive capacity, etc. Measures
of value for peacetime operations are sometimes as easy to
determine, but in many other cases they are not., For instance,
should an sutomobile traffic system be designed to transport
reople from the suburbs to the center of town as rapldly as
possible, or to permit the delivery of the greateat ahount
of goods by truck, or to produce the fewest deatha? Should
a housing development be deslpgned to be cheapest for the
buyer, cheapest for the cocmmunity to service, or most profit-
able for the builder?

Quegtions of measuroes of vslue arse rather unfemiligr %o
the physical scientlst, but 1t is essenitlal that he study ]
them wren engaged in operatlions regearch. ILxXperience in the
war has shown that the sclentist himself must ususlly dig-
cover the proper measure of value Just as he must offen
dlscover the neture of the problem 1itself. This brings us
back to the second point, mentioned earlier, that adminls-
trative officials, military or non-military, seldom realize
that their operationel problems can be deslt with in a sclen-
tific and quantltative mamnar. This 1s not surprising, since
it was not realized by scientlsts themselves how many such
problems were gmenasble to study. But it does mean that s
conaiderable amount of inltlal effort must often be spent in
persuading - the higher command thet some of théeir problems
can 2e solved by quantltatlive means and in scqualnting then
with the methods whereby theose solutions are obtalned.
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bﬁ5§l ¢ eastpasmraran OS2 A 80% 2000 Yt researeh worker
- and the ~§“ nistrative head te ynom he Is assigned ig one of
s most drnortant orsanizational wroblems encountered in
i vfng a new field of onoratisns researeh. Sclsntlist and
adTinigtrator nerform Aiffs ”01? functions and often must
ti o ))D'S te 2uints of vie The selentist must always be
strenti a rn? ig often ,mmati¢ﬁu at arbiuru?v decisionsge

the Wdﬁﬁﬂ“ﬁf?ﬁtOT must eventnally mnke arhiurury declisions

B o I e Impatient at skevticiem., I% ta¥es a great nual

of mderstiuding and mutual trust for the two to work closely
‘enough toscther te reslize to the fullest “he ‘rmense noten-

Liziybdan «r the nartnershin. |

st

Thase  rareiologleal difficuliies are pointed out here
8o they c¢an e forseen and allowed for in the future. During
ﬂbm past war they often caused confusion and inefficiency
Boesvse they were not avnpreclated. Fundamentally the problem
‘: to convines the sdminisirator that the sclentist can help
Wim make his declsions mores effectively and wilsely; and to
convinee Lha ?ﬂ*-" st that the administontor 1z s5t1l11l the
one to m.m 7Tine basic decisions.

The first weacbicn of the administratsor to operations

:h 1g usually that the scientlsts are welcome, but that
the“e gesms to be no imporitant nroblen which is suitable for
then to atinck. Next comes 2 reaction of susvicion and im-
nat lunce, when the usval scientifice pr)cedure of' serutinizing
ceritically all assumpiions 1s cormenced. Conslderable tact
must be emnloyed to persuade the adwministrator that measures
of value and estimoies of recults are not called in guestion
simnly from a desire to criticize.

7y

At this stage in the nroceedings gre~t care must be
w"@va Oﬂ to k@en the initial douhts and questionings
(necessary for the secientific analysis) Trom syreading to
sther varts of the owwanL?amionq Once a few successful solu-
tiong have been obtained and the command reallizes that all
of this crifieal questloning dees vroduce resuits, the worst
of the ovnosition 18 over. In time the commander comes %o
recorpnigze the sort of nrobvlems which operations research can
namdle and comes to refor these rroviems to the group without
nrodding from the pgroun Itself (at least untill the normal
rotation brings a new sebt of officers who must be ihdoctri-

nated nunetr).,.



Gcmsibnﬂ}x 'qﬁ?'-?é 150 o ny syl edogesthiint “iu- aperations
research woklidrs v 5.;_;'--_1._: Salkc "ot %hr viandess vido Blon of
the officer. This may coma U 1"";“."-»::'*' filress nde Tk’ opoTa~
tions ressa rcn worker arve considerabhly at variance with the
pre-concelved opinton of the officer. This rsusniclon can
only be overcome 1F both the worker and the officer reallze
that the resulis of ovarations resesrch are culy s morh of
the material Trowm which final decision wusl be mude, “Ih oany
administrative deeision there enter a greal number of cone-
aslderations which cannot be put into auantitative forn (or
at least cannot wet he put into this Form) . ?ﬁOﬂlﬂﬂge of
thege cualitatlive aswects, and ability to handie them, is
the nroper functlon of the adminisirator, and ia ach the
nfcrogauiv‘ of operations ressarch. The ouﬂwautcﬂ “regearch

orker, unless he 1s to operate in a dual role of gcientist
anﬂ ﬁdm*niaﬁratGM, ust work out those aspects of the orob-
lem which are annnahle to guantltative ﬁwplvsis and report
“his findings to the administrator. The adninigtrator nust
then combine these findings with the ouwiﬁ+"tiva aspachs
mentloned above, to form a basis for the final decis 310N,
This decision must be made by the ezecuu-ﬂ“ officer. 1If
tils decision runs counter to the scientific findings at
times, the sclentist must not conslder that this is neces-
sarilv a repudiation of his work.

n can he
trators.

Very mich the came sort of initial oppositio
a 3
on why ope-
&
5

it
expected from 5Jveynmuﬂtu1 and industrial admin
Once this is overcome, however, there is ﬂO Pea
ratlions reaearch shcviﬁ not be as frultful In

: §
i
8
al
solution of thosge nroblems as 1t was In helping

ing in the
olve miii-

tary problems. Just as with nroblems of waw, of course,

some operations will! be much mow@ feuitful of resulis than

others. Traffic problems, for instance, a&re highly amenable
= R ? ERPwN 3

for data are ensgy to obialin, ﬂﬁ chaneag in conditions (if

not too drastic) can be vrodu weed 5o study the offecis.

On the other hand, the deslgn of cilty hons 'ng and
manicinal facilities roawj? s data which are Aiffieult to
obtain, the solutlon is gtrongly den Gﬂd?ﬂt on terraln and
the? individual CLY“PWSLd”“GE; and ounxetionﬂl oxﬁéfiﬂﬁnta

re difficult if not imvossible. The field of housing and
of city vlanning is an extromely iﬂparuﬁﬁt ong, newevowg

and operatlons regearch in this field showld o= sc‘ﬂ%eﬁ %a
soen as an adequate administrative authority is set up €
whon the selentist eovld report, and which econld ensz¢a
that the research is more than 1dle acadenic exercise
Operdtion% research in televhone operation is not dif
becanga the “'Eac-]::* PR LS *"1 R0 el é.“ta“‘"" i T35 J
cont 401 ( r :"'-r,,'ﬁt_:'_ -l"‘ﬂr P _1" .H,,.” kt PLLL PR "._L:,_.L :.“; o

£OLe L e i N field.has
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The theory Lf nrobability is the branch of mathematics
vhich is most nsefvl in oﬁuiat{onﬂ research. Nearly all
resulis of 09r3t101° of wiar involve elements of chance,
nsvally to a larpe extent, n that enly when the resulis
of a number of similar overations are examined as@s any
veguis?iﬁv evidence 1tself. It is nearly as imporiant to
the degree by which individual operations may dirfer
frﬁﬁ some exnectad sverape, as 1t is to Imow howr the average
devends on the varlables involved. In analyzing onsrational
dotn, which are often meager and fragmentary, 1% 1s nccessary
$0 be able to estimate how likely 1t Is that the next opera-
tions will display characteristles similar to these analyzed.
Probability enters into many “nalytﬁcaW vroblems as well as
all the statistical problens.

1-—‘-‘\. (L0

The wmregent chapter will sketeh thogse varts of the
theory of w?obabiir'v -+ich are of rreatest use in nﬂeratﬁcn
regearch, and will illustrate the theory with a few typical
examoles. oection 27 will deal in detall wltq the speeific
methods of handling statistical problems, and Chaplers VI
and VII will deal virh some of the aﬂnlicatloﬂ of proba-
bility theory to analytical problens. For further detalls
of the, theorv, the veader is referred to texts on probebil-
hEw ?npory suecr as Fry, "Probabllity and its Engineering
U3€¢", New Vor? Vsn u<s+ran'. '

4.  FPundenental Goncovts,

In many sltuations the gysten of causes which Jead to
a result is so comnlew that it is impossible, or at least
impracticable, to predict @yacu1y waich of a numver of nog-
sible results will arise from a glven cause. If a peray is
tossed, it is vossible in nrinciple to enalyze the forees
aetﬁpﬂ on the nonny and the =otions they nroduce, and so Lo
predict whether the napny w1l come to rest mith he ds or
tajils chowings ho”'va mo oneg hag ever talken the effort to
carry ont the analysis. Then a gun is fired at a target,
1%t should agaln be uoss ible to predict oxmactiy whorn tna
aE y11 will wit tut the nrediction would fnvolve a Ynavﬁm&ge
of $he characteristies of L“@ g, shell, prepelilant and
atmosphere far more exact than hzs vet been obtalhed.

7ith a perfeet venny, toszsad at random, there 12 no
more Teason to exne hq.hﬂ*ip Phat taﬁiﬂ.ta 31srmﬁ---«f'ﬂ:y
then 'Lhat hetlg el ;i‘:‘; pa;'!;& gere aguadly ditely ot one-p--.m,
s = - Cous o San 'iil-_flll sas Tese l*' CE L ALy
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From the notion of cgual like
of randomness.  Suppose tiat
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is such that tho point
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eat number of timc GS, qno
n equal nuvber of times,
and 1eft deflzctions are

»1ihond ve can derive the
o hawve a cehance nethod

noint ig chaseﬂ on a Liine ol 3iﬁ%tn Jdengthe If
is egqually 11Pefv to fall

iine of ogual 'enﬂth5 vie
iom., For xamwle il a

bl o e il sl ot S
mer ecetly bBalanced wheel is spun hord and allo 5 v‘ﬂ@
Lo res 3% 2 small amount of frﬂc cion, t“e

e s £ »
it under the a
wsias o the ciroum
ooy Inter pointer ls oa random

2,

forence vhich comes to rest under a she
peint of the c%fﬁumferencwo

O oa ranaom polnt may be chosen b deavw’nag a series of num-
beya frow o nat contsining slips of naper with the digits
1,7, =2 (replaecing the slin after each ;“awing}g an@
vritine the rosult ags g fraction in decimal notation.  This
froction 1s then the coovdinate of n vandom noint on 2 line
of unit length. Twarmmiez of yanpdon sequence of numbers are
o - % N

in Tables I and 37,

Vs may also sueal of noints ¢
mors than one dimensisi.  Thue

a

Ll

A

chosen at random iu gpaces
for examnle, we may Say

that a ﬁﬁ?nt is .chogson at random in a given ares *f given

7o marts of the aren of =aunl slz

Thw ch:asen railb is

sovally likaly to be dinleithar one éf them,
Frohal ¥ - If we new consider a sitvation in which
a numhaw of results may occur (but ndi neces-
vith ecqual Jikelihood), ve may compare the likeltihoods
iege resnults *if thae 1ikelihood that a ﬁo uu shosen a%
on 2 line fa within.a given inte tva‘ on that 1ine.
s The line ﬂav he divided into a sst of intervals in
L i that each ﬁnzafvai eorvegvonds 1o ong of the nog-
aihla the %4V~?xn0;ﬂ of each pesnli and
i 5 £ the ddne falling in the
: ) 000 see . ° PV
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Figure 1. Comparison of randomly chosen points on a line
with throws of a coin.
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Figure 2., Comparison of randomly chosen points on a line
with throws of a die. EFach 1/6 portion of the line
corresponds to a face of the die.

A

! <_X,I\af y

1
8
1
Q
—— 0 X

a
|
|

[o0]
.
0 02 05 o075 |

Figure 3. Rod AB is spun about pivot 0 and comes to rest
«eo b, 808)e 6, intersecting line XY at point x. Lower
s ¢ JXinp showS:Telltidl Datween xegnd ¥ =.l- (6/m).

° * o0 o
. . o - -
G00 0000 200 000e 050 00t see o : 00008 90 6 ¢
e o o o

34



LA ]
for the corro,vdnﬂrtﬁ Vﬂ'voﬂ-94 e Qﬂlnoﬁé..hﬁﬁﬂ°1ﬁ fﬁgnre 3

LA &

The vrobability thal °2° *i¥es Bedmeoome nade S0 whllag LI
and x> 1s eoual to the lengih of the corresvonding interval
on this scale. Arithmetleally this is eaunj S B s

so that this probability . ds

RaFy, ~Fq=- /W cnt”i(XQ/a)-f I/ﬂ'cot (zq/2). (RZEY

Te gee from the orevious oroblem that we have two hasic
tywes of variables., This will also hold true in the general
CaSC.

The fundamenial variable, from the theoretiesl point of
view, we will call the random wviriakle ¢ , which will have
any valwo (mithin its allowed range) with equal vrobabilitv.
The mechanies of the nroblem must be analvzed sutficiently
to sav that a random trial correspeonds to a randem chelce

01';@

The second tyue of variable, the ghgehaslhle vordable
= WiTI be dependent upon the random vq iabie *th is, a
random choice of ¢ will define some value of ¥. The sto-
chastic variable is the aquantity we measure eyprrﬁﬂontﬂl?va
Ve may write = as sone functlion of § such that the proper
relationshin holds for all values of ¢ ’and e

For convenience in analysing the probiern,; we wele a
choice of origin and scale for the random wvariable such
that the values of § will ceccur between zZero and wnity.
Ve mav do this by suitably combining the randon variable :
with the (constant) values 1t talves at the ends of its al-
lowed range. Uhen thle 1s done, .the values found For § 7
the eourse of many trials will be distributed more or less
unifornly over the intervel (0,1}, (In the limit, as the
mmbers of trials goes to infinity, all possible values of

§ fron zero to unity will ocenr ).

n

1 |13 which 1e now defined from zero o walty, is
represented as a fwnctLua of x, we may write
§ o Flx) ng § <1 (2.4)
This funetion, F(z), 3%z such that the process of choosing

a value of x 1is th@ game as chooging a valve of T a%

1&%:0” in the interval (0,1). T{x) is then callod the

dietritution 41.141.% Qiyetige sl wrews nbieg --,0; yeae w;;zmw Wl By

=3 o0
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N



(OREBErT

wwﬁﬂgxﬁm
inherent in
JArgeiy be avoided by
addition, ir T(xz) is
51ty has no simple meaning.)

ansteﬂﬂ o
the orobabhl

”% ae how this anplies ‘to the nrevious nroblem. There,
- = 1s the randon variable, with its alleowed values going
from O %o ¥, and =x 4s the stochastle variable, vhere

i

¥ #a “wt @, The scale and ordigin of - ® is then refeflined,
nev random varizable with a range fron

ig, 7 -8/7 . Thls new randon variable,
metion of h@ stochastic variatle x, is
ton function for ¥ i

Pix) = - 1/7eot 1 (x/a).

The weohahllity denglity is thersefora:

|

L E TS U‘""”L alxPea? ]

tnother exarmle, corres nﬁﬂﬁiﬂb Lo a more immediately
SETSEREN w“m%?ﬂm3 comes from the theorv of gearch (see the

volvme "Thooyy of Oearch and SereeninsY for further detalls).
Sunnosc g sesrc™ wvessel, at O in Fig, 4, is moving with

ecistant veloclity in the direcltion :Lciefccd by the arrow.

" JL;«uh.u carched for (1ife vaft, enemy wv¢ob19 ate.) is

i ho anyvhere on the ccean, and is assuned at rest

igity. e make the ”1*31("7:’5;1{’ assmpiion (which

smd one for some ajea} ijo if the object cormes _
3 vognal 1% *11 hae discovered., The

st T of the
tn he answerod heve ts the BT o pabhiliity that the ob-
P d;chvﬂrpf goriee *““d V:él at o relatlve

acean ia moving along
The objcet wil? 11*0

P

3 the one coming a
Tt is not 4iffi-

(R n’z{n&ff'ﬂ? avln :1‘ Ad

n@ﬂwv ot 1§@Q“r

s A S ava e demastn




/| -t
Ko

e | IS

0.8

0.6

0.4

o

N\

Figure 4.

bearing o .,

ol
ol
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Vo 8ol Babre It tiat Teines 11 ivalhide'bt B (betueen
-R omge 4.5 0 hav A, Peehal Rlsdne eof o s the randon

tally, 1s the stochastic variable, and s “n7au.0 o the
nJCﬂ variable by < R gin o . We nov redefine the ran-
&ow variable so ﬁ“at it takes. on valvcs betwsen zero and

unlty, that g,

2 d
variable., “he anglic @ which g tn be meagnred aXnorimesne
1o .% 4

n r F » { ¢’
£ = R+ 2/0R 0g 5 &0, vhen -REK4L R,
“a may therefore yrite for the digtribnticn function
Fla) » T4 Usine/2R
A I
= 1/2 |14 sina |,
g TN Wm’ém{'rv} 11ty that the objeet will be sighted
hetween the bearings a4 and o o= 7/2 & G q 4O \T79) ig
il ¢ i—" 3 .
(e g) = T{ay) = (1/2) {SXQ(CKQ)"”ﬁn(Lll) 2

In particular the nrobability that the objeet w
between the bearings o and {q + d« ) (f.u“g i
"at the bearing o ", 1In the slenment &.7¢) is

flal)do w (3/2jcos{clda .

The guantity f£{a) = {(1/2%cos(a) is t“e probability
density. Both T and § are nlotied in Flg, 4.

Ve gee th g long as our assumpticns hold &ﬂfflcd ney
of 100houhﬂ ac in all ﬂﬁrec?ﬁ, 1S, all objects slghied at
range P}, then T e oblect is more 1ikely to be sishited in

mdinzy

the lﬂr“*?d quarter than on ﬂither beans since £{a) is
iargn f in this repgion. oreoover, a vegtriction of the look- -
onts to searching over the 1ﬁv7w”d auarter will only redues

the nvnbabﬁlity of uighﬁ‘n” by Aﬁﬁvoximately 304,  (In the
ex ﬂﬂﬂ*e crnsldered here his wonld he the wrengs restriction
to make, for two lookow%n faclng in oo jtn directions and

lcoking oud on either beswm oilil GV“Q*”arl" sigiht pll the
?’v*nxv witich a4¢*ag0unh~300k?h- lookouts f@ﬂiL d¥scover,
'nv?)

e ?ri?ﬁztﬂfnz .lo ion may Lo anp iied to ﬂi“3r?¥=te
:orh ot Al VﬁTY"Oiﬁuq The roliline
bR 1l grleeenadel w0l o B
® - 4 . a
wisheM & » 4-‘5 o '-ﬁ'J d:‘ stribution
$00 se0p s U .
Ty b oy e ¥ Ty 91.!' .:’ g.
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It shiould be nonted that . 1s o single~vnlued function of

F  (althongh ﬁﬁacsuaizuoug;y put Foois not a single-valued

Ffunction of x . To tey To exmress ﬁ}ﬂ nr&baliiinv density
;& z 3FP/dx  in such cases involves mathematieal difficulties

L3

whnich will not be Aiccussed here.
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In e acp nroblenm dealt with in the theory of w»nrobability
we are dealing with ono or more trials. A gun is ﬁhot* or a
ﬂepth charre is tested, or a flghter nlane encointers an
anemy, or a search Wlu;? tries to find an enemy wvessels In
each case we are interested in the outecome of the trial or
ko & ares Lan 71 a e 164 (&2 ¥ o
trials, which usually tokes the forn of wrerical result
Tho wmvgo of the shell shot from the gun may be the interasgie
ing guantity, or the denth at which the depth clhiarge exvloded,
or the ien&éh of tirme required fto find the enemy 7(35@1@
Sonetineg the answar ean %h a discrete oney we may be inte-
¢ r

w\gted only in whet hg“ the fighter plane wsas shot down o
whether 1t shot down the eﬂﬁwy, or whether neither vas shob
dowm. This mnmmlioﬁl result, which may differ from trial to
t?i~7, is what is called the stochastic variable, x . Ule

are vswally interested in determining the nvoba%iﬂiﬁv of
securrence of dlfferent values of this variable fov different
trials, or elss we are inter ~xs'ﬁ:c(i in determining its average
ralue for a large number of % riale.

Tn a great number of casges these nrobhebilitles and
average valnis gan only be determined ,“ne:iN“P"HEIx by Mok
ing a Jarge number of irials. In some other cases, tch as
the ones considered nrevious jv in this chanter, 1t i g
3ible to dnalyze the situnation commlet @1v and bO viork ow
mmb}em tieally the exwected hehavior of ths stochastic var=
iable 2t future triale. It i3 nos< zible to make this analysis
in a much larger nupber of eases than might be cxpected; and
in a great many move cases it is rossible to malke ar “nhr@yﬁu
mate analysis of the sifuaiiony ”h?”ﬁ Tl g0 weeldeniagb o for

s . - i sos sese
most recuirepttiitt.e o - QO0Q . o” .oo : ooo : :
o ¢ o
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[ e o



s




O o2 1314 |15 | 16
ol | 22 | 23 | 24 | 25 | 26

| 31| 32| 33| 3435 36

l 4] | 42 | 43 | 44 | 45 | 46
51 | 52 | 53 | 54 | 55 | 56
s | 62 | 63 | 64 | 65 | 66

.

D R s g o P e

two variables.

Two dice.

oooooooooo

41

C-6170



L[] .
. eoe osase ... .l. LN A 2 0 [ ] .. (] L]
...: oo A L d ® 0 [ ] [ ] ' o 00 o Ld
L] [ .l. L] eee L 3 L o, oe o O :
. L (] L L] L ] . [ AN ] [ L N )
ete 0800 00O O -G W n.. (] [} (3 L L (A4

/0\.
aq q&_

o b |
w 0.5

=]

A

0 0.5 1.0
FE = 2w

Pigure 6., Needle on ruled paper (Buffon's Problem). Plot
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Now by "thraned i

that 2}l valned*of cserdnee 5378 meetines® %
ly, and all walues of & Dbetween o an edually
lifely. The distribution funetions for 15e theyo-
fore slmply

Fy = z/a Fo = B/21.
The throwuing of the noodl@ is equivalent to choosing a point
atv dﬁdOi in a unl%t square whose coordinates are Ta and
Foo The regions of the sguare corresnonding to Oglaa?um~

rulings erossed are
¥+ no ow f sin®

The struecture of the
showm in Figure 6h,

or 3 crogsings mav b
grarnically b? mbﬂsu

diagram. The results
No, crossings

0
1

3

Geqpouuﬁ Probabiiit:
and B , either or both 0f which

nf causes, there
axpreasasion.

¢ are .

asbhout B

about 4

e shall use the
probability

Probabllity

senarated hy the curves

(n = mmmyag,-l lepgsmm“n) f52; 50
sauare for the s ciai CnSO £ o= s
The probabil “ias of obtaining 0,1,2,

e Teamd ana 1Vul¢d1]" by integs atjon or
ring the arecas on the scuare distribution
8 are Quown in the following tables.
Probability
Gesi(7
237
0.314
0.352
ag - If there are two results, A

may arise from a PiVOQ set
of nrobabilities which require

P
follewing notation:

a numnber

.
!

A oecurs Af nothing is known

W

E occurs if nothing is known

’
P(AR) = probability that both A and B occcur.
OIS e Q& S FhGas 4 CEE” o
PAIBR) = probability that A occurs if B is lmown %o
) have occurred. '
2 Sy + LY 20 S Fd g IF e
P{BiIA) = probabllity that T oecurs 4 & is khown to
ﬂ.r, P -
ficd 0 4 ek C‘ 4 )
e el . .6 e eoe o006
e zholl 0ls0.d186 S)ieseeven: 0 o T8reMaoe e
ded. Umat P CCah R e e 18 8% e Phvateare 134
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Point F; falls at

. I

IOd \/ /( | 3 > 9 A 9
B2 3 random inside strip
dI 1r‘EE::———i—~ 2
1 I
e
X, and x, at random B and x, at random
X, independent of x, b =2d
|
00 7 oe
00 |0l |02(03|04/05/06] 00 0o
o35
60 |61(62|63|64/65/66| 60 8 64 Ngo 0
50 |51 |52|53|54{55|56| 50 B4 53 \sa\sdse\_ 50 Be
40 |41|42/43/44/45146| 40 sz NGBS\ 46 /s
2o | 30 [31]32/33)3435/36 30 ,;E B2/ 51 NN As
20 |21|22[2324/2526| 20 Bl 2o NZEARN 2e A3
1] R,
10 |1l [12[13[14[I15[16] 10 0 INEN 13 A 4
o2
00 |01{02/03/04/05/06/ 00 G0
01 (814}
0
0 Xa | | B 0
I0d 2w
P(00) = 0.27270
P(00) = 0,16 P(01) = P(10) = P(06) = P(60)
I’(OI!) = I)(HHD) = 0,04 « 0.,04186
P(mn) = 0,01 £(11) = P(22) = eeee = P(66)
P(m) = P(n) = 0.1 = 0,01626 .
- P(m/n) = P(12) = P(21) = eees = P(56)
m,n = 1,2,3,4,5,6 = P(65) = 0.,02007
P(02) = P(20) = P(13) = P(31)
= eesee = I’(GQL) ]?(C”s)
el eae BB = P(50) = 0.02180
T A R '...P(m} --.P(n)... Q.1
Figuré '8.”)'!:1:&11'1 e ’bf:maepenaent- and cond‘iéi‘énal :probabilities.
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The second bombh might be droppad by a different nlane Cﬁm?nv
over at o 4if f@'f’towjo b AL ”'}Ct ?’"”1‘14""‘1{'""\50%{!«060 oom{)o:’ i

.‘...:1 TS
m-:me. 151 ‘i:h.z.p,,"@u Blieke cdn vinbally eny Lnde i ~:« S0l of"
the second bomb ig 1h4APeANYNY Af*thes 1*6'{% iro el -:-s 8% ot
bomo, and ?}e gecond randon variable (% Qilﬂi) is independent
£ the first random varizble., The souare arca re:
~zﬂobdbilit?m w111~tﬂeﬁ e that shovm on the lwft
Pigure 8, The numbers in the various small square
the martieunlar striv within which the two bamcg f'r 11. %1m
the two variables are counletsly random, these nrobabi,jtlev
of cecurrence are pronorﬁional to the areas involved. For
instance, the probability that the first bomb fall on track
No. 2 is one trnth, Tam ﬁxGb&h*liﬁv that one or the other
0* thebombs fall on track He, 2 ig the area of all those
CT*nﬂre which have a mumher e fnside them. 4.0,. 0.7

“

The definltions discus-ed earlier in this sectlon cu:

alsn be 1lustrated. Wor instznee, the prnh*hJTi?* “that
fraels Yo, ® wil™ bhe hit by the soernd bn>b2 now
~ 2 el kg
that the first horb hes hit 14uc‘ tfons 5} 1-
i 8 e 2 4 ”
Py ig’) ] 3;‘;.." . ® r_;‘il 2 Gl
i \’2} e.i.'\)
This 15 equal to the wrobabdiiity 7TI{5) that traek 5 is hit

Th :
by the second bomb vhen we 4o not know what happened to the
Tirst bomb. On further analysls 1% milw he geen that this
simnle relationshin comes about due Lo the fact that the
areas Involved in tln n agendt case are all rectangular, with
boundarics vayainl "4 0 ”Uge of the nr@h%blvity SQULTE
This has cccurred Docavc the two random variables are inde-
rendent of each other., TNguation (P°.8) can alse e vO"*’ied
in this casey and agein 1% is not gifficult to see that the
equation is n*i Jinm because the sub arveas arve T“*ﬁ%ﬂ@ﬁ?“?
in shape with tﬂélr edges paralle 1 to the main square.

(fl {.’_‘2’ (

]

In contrast let ue 6913173P next that the second bowb is
drovped a siven dantaneu b = 24 away from the flirst bomd
in & random direction (Lhis case 1s related %o the Duffon
neadie nrohlem). This is verhaps a simplifled uvicture of
what happens when two bombs ave dron n d in trein. In the
actval cass, of course, the distance is not eractly deter-
mined., However, this would me=n intreducing another random
variable and. so, for the n“‘*?nt exammle. we shnll assime
that the distance between points Py and P2 13 esactly 24.
The. two random variables are therefove (u/102) and (F/27)
(shown in Fig. 8). Te note fhat since we have raauired, that

“‘1

(o .
Py fall at randonm within th=2 full L¥pinle 1t
sometimes COCWESe Thgpes: °9°°“"'.':?":t<al' > :’*‘ Je
According to %)'E“i’::.ﬂ:{,‘ ¥ ru.z,\_n... s s&x’cw 3 v Yall move

than a ai;twrcv I Peyond 1
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g

[ ]
%vww TXREE T omuann‘hwswmwm-hgéi -shown

ot the*amls weve Al Fif‘:‘flbct Zaoe Doamod Linsetiwe variawios ave not
ﬁnhwﬂpnn@nu, e see that the areas correspending to the -
different tracks being hit are rot rectangles, and, in fact,
that a gaud many of them are missing entirely, For ¢rscance
-(Lﬁlﬁ)ﬂ? to our assumptiocns, 1% -is innoﬂvimle Has draelc )
Lo be hit by the second borb if ferack 2 41 hit by the £irgt
bomb. The probability of the first bomb hitfing one of the
tracks 1s st111 one ueuth dndg as might be expected, the
probability of the acond bomb h1tuing one of the ﬁ?acks if
we do not know what has happened %o the first bomb, 1s also
equal to one tenth, The probabililty that two adja@ent trac
be hit, suveh as P(L,2), is greater in thils case than 1t was
in the wrevious caze, and the probzbility that two tracks a
‘q}ubqﬂeJ 23  apart %w hit 1s somewhat larger still. -

The probability that the socond bomb wili land on tésc?
4 1if we know that the first bawb hae landed on track 2, ls
glven by the following eguatlo

pal2) = 3;.-}\,-~.¢-5ml e B giﬁﬁu = 0.2180

e see in thls case that the result is not equal to P(4}.
To cheek Tquation (2.8) wo compute the following quantiuieoa
P(xf) = 1= [P(20)+P(21) +r(22)+ P(23) + P(24) +P(25)
P(R6)Y+ P{0A)+ P(14) 4 P(34) -+ P(44) +P( 54)'+P(643 =
P{Z4) - P{34) = F(44) ~ P(54) = P(64) - P(QO) -
P(21) « P(22) ~ P(P3)}=0.82180 .

T(Z4) = P(04)+ P(M)'ﬂﬁ 34+ P(44) 4 P(54) + P(64)
o P(}@}+P(44}-k?(a4)'+P(b4)::oﬁ07ﬁﬁomzp(2£; s
A similor computation ilﬂinabe that B i uation (2.8) does not

held and therefore that the nosition 01 bomb one PRHJOu be
independent of the poslition of bomb twos

?4 ' P24
5 = 0279 3 EBES = 0,005 .

This 1s only natural, since our assumnblon regarding the
Tixed valve of b ma%@% indens nﬁeﬁﬁa Imoossible,, The fact
chat the wvosition of the seccond %awb 18 not independent of
the npodition of the flrst bomb snﬁ“@ up in the non-rectangu-

ey divi¥icirespiche wapto rz,jr}w tmob»:bifhty square
. » (]
nd dn $he Sotves neeeiieg e zif.ua:Sﬁuﬁmﬂ-Toa ation
5 ®o 0000 see soes v0s see’ ° e =g s 2 :
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Figure 9a. f£ = (1/4)

e

0 X

4
4
Figure 9b., f = (7/8) sin(mwx/4)
Figure 9. Examples of distribution functions and
probability densities with equal expected

values of x. Values of g = F occur
at random, |

® sea (X X J eee o ® 00080 sos L4 . LX)
* L] LA X ] L LA R J L4
(X J o0 [ ] [ ] [ o o0 o o L4
00 0000 co0 o000 209 oee LR X LN ] ® ae
(] L] ¢ o
L]

50

C-6170



N . E ; E‘QE :ooo : oao. .ooo .ooo oo- :ooo 0e¢ Seee nea
what ers los .z::..ré,L‘ ‘orese: 4y tdeo mw.' .’lo. el oy
two cases? How could V& MELE falWiye~tioeiruliashs Badavian
he two 1f we did not %'V( thie curves for p:oanb;l““; aenyl
in front of us? One scesg that in cass {a) the value of x,
baker. from dnv“nuiridMGW srial, is more likely to QJF e
widoly from the expeciod valus than 1s the case {(b) in the
sacond case the uw«oqﬂi Jty density s largest neﬂr o=
and £alls off to zesro at tho two andg of the range. This
maans that the values of x which turn up in thse sscond

case are loss likely bto differ widely from the expected

valus than the wvaluosg which turn up In the

It
of this chance of large di
away from the expected velue.

flrat caas.

would be & useful thing to have a numerical measure
gcrepancy of an indlviduel trial

The average valus of the

differcnce betweon an individual trisl and the oxpected

value 1s not a satisfactory mecsure bscause thisg,
as ofton as
carcel out to zero.

difference, however, vy uquarinu?
Heasurs,.

tion, has positive values
the finsl averapme should
the algebraic sign of the
we can obtain a numerical

by definl-
negative valuesy and
If wo ‘ramove

Speclifically we compute

the average (or sathor, the oxpecied walue) of the squars

of the difference between the
end the expected value of the
thls average sqguere deviation
doviation,

result.

result of en individual trial
The squnre root of
#1111l be called tho standard

B e

Let us now try tc state these concepts in a 1ittle

nore proclse manner.

If a very large number of choices ©
made, we feol intultively that
variable is divided into any number of

ehlo is

of a random vaﬂim
1f the range of the
aqual intervals, we

will choose values squally oThen in each of the equal

inbervals., In fact this i=s

have more to say on this later.,

(XX X J
[ XX N J
[E X XX J
(XX X X J
as®

sssentlally what we maan by
our definitlon of a randem varlable.
that this will bz the actual rssultb

Thils doss not neen
of a t-ilal - we shsall

eeaoe o080
'3 L
[ X X ] L[]

Lt
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Nevertheless we shall call thisz the gxpected
result.

In particular, if we may make N choices

of a random variebls $whosz range is 0 to .
1 , the exvnected numbel of va slues in any infin-
lt@srimal ipterval 4 5 is N4 & .

Iif x 1s a stochastlec variable deter-
mined by £, the average value of x , if ths
expected result 1s obtained, is called the .
GXDPbted value of X h(ms Thls is ob=-
viously given by

B(x} 3‘j'xd §
= fxb (x)ax  (1f £ exists). (2.9)
If there is only a dilscrete set of wvalves
possible for x , with probabilities py , %his
redrces to -
B(x) = 2, %D
+ 11 2} 1Ko

The continuzis cage may bhe evaluated graphieally
by plotting =x as a function of 3 . E(x) is
then the ares between the curve and the %)axjs.

It should be noted that the eznpcted
value of 8 sum x+7v 1g the sum E(x) +E(y) .
Nat’xally the ez pnc+ed value of 'ax is aE(x) N
if a 1is a constant. .

According to our previous discussion,
we will define the standard deviaticon & of a
stochastic variable to be the expected value
of the %uare of the difference between X
snd D(x . .

° . (XX} (XX ) ....

e o eoee
QO o.o . ... Sa-le 5000 L )
o : e I2o e nnle t o W LS e
[ L] 5 e o
coee see ovee ®ee see eee’ ..,' S * o ee o 3
(XX [} o @ PY
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I DI PR 0% o7 %% %90 e00s see seee ees
SN S I SN SO 290 S LR LS S TTR S D -
»
(g 2@0)3 E{’Ex -E(Xﬁ 2}
= E [xa - 2xB(x) ~FE(X)?]
2 2 \ '
T E(x®) -~ 2E(x) E(x)4E(X) (’ (2.11)
' = E(x2) - [B(x)]2 J |
In the case shown in Figure 9a, x = 4§
}
E{4 %) = 4f8d &= 2
P o
f L > (2.12
E(16€2) =/ (16 £2 )a% I 16/3 ( )
¢ < S S
T2(48) = 16/3 - 12/3 F 4/3;95 1155
The standsrd deviation indlicates that the result
of a single trail differs on the average by a
1ittle more than a unit on either side of the
average value, 2. This 1s often written as
B(x)o(x) 3 in this case 2* 1.16.
For the casge of Figure 9b the expected
value and the standard deviation turn cut %o
be
£(x) =77/8 sin Grx/4); F(x) = /2 - 1/2¢co0s (?7}(/4)L
"‘ ) ‘ {(2:.13)
E{x) ﬂ'???jrd x sin Or=x/4)dx = 2 . ol
(5

u
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SO
B(x<) =

T/8 /% %2 sin (Wx/4)dx =-4.7578
“o : C(2.13)
c2 = 0.7578 g = 0.8705

We notlce trat the standard deviation o 1s less
for this case than for the case of Figure 24¢
ziven in Fquation (2.12). This is to be expec~
ted since the probability density of Figvre

99 shows a more pronornced clustering of values
around the expected value 2.

If a polnt 1s chosedd at random within
a cirele of radius a , we may find the expec-
ted value of the distance from the point to the
center. For in this case, if x and y are
coordinates with origin at the center of the
cirele

&
E (r ) = ::u-«-t)-"‘ .{j( T dXdY
e JJ -

when the intesration is over th
forming to polar coordinates

4]

cirele, Trans-

- E(r) ﬂ-ﬁ.%zm J(j reardd

it
(T he
]

We also have

2
E(ré) = "lg /;ff . rdrd®
Ta -

= . o
= 1/2 a-~
®00 o000 o0 ® eoo (X}
E e eve o o8 & .os. ::. E"E e e s $,
*M e 24 A 5
see ..(.’7."2.{!‘ }oog;: !/:’,2 o&c". boo‘:. ?&2. ~ 5%‘5.::3?:'5 E 5
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] With a trisl or s Les of trials dnvolving rendom 019~
mants, such as opopatioma‘of way often turn cu* to bs, the
rosult of an individusal triA1 cammot te predicted oxmctly in
advanco,., What can be predicted, if wo cun arnalyze thie problam
thoroughly, is the ﬁZObLn'lmty of oertain oventa occurring,
vitileh can be expressod In terns of the dfstribution ?uﬁot‘ou
or the probabllity density. If the probablilibty of & certain
event occurrlng ls large, ther we can reasonably expect that
for most of the trisls this event will occur; unless ths
probabllity ls unity, however, there is al'emys tie chence

that we will ke unlucky in Lge Lfirst ¢ succeeding tries.

When & larpe nupber of trials can be carricd out, a
knowicdge of the distribution tuncbh n enables one tce predict .
averare values with nore or less precisicn. As tore snd mors
trials are maide, we can expect the averare value of the re-
sult to correspond closer and clcser to the expected value
which hag beon discussed in the previous acction. Also one
can compute the chance that the averape result of many triasls
wlll differ by e speclfiod amount from the computed oxvectad
value, If the goncral form of the dlstribution funetlon is
vnown, ona can even compute the probebility that the averase

esults of a second serles of trials will differ by s spec 1m
finc griount from the averase result of & Tirst serles of
trisgls.

Sueh coalculatlons are extrsiwly 1mportanf in studying
opevatjono vi.ich are repested many times, such as bombing

uns or submerino attocks. If the first fifvy anoiushipping
strikos result in ten eneuny vassels sunk, it mirht he Impor-
tart to compute the probapllity that the next [llyy striles
world gink ¢t leest eipght enemy ships. Thils can be done 1°
the distributlion oo‘r~qnondir" to the atteck 13 %nown at
least approxinmate ' !

Consequently 1% ig Important o compute tho dlstribuiicn
functions {or & number of very ~oncral stastistlicel slituat ions,
whilch correspord more or losas ac*”ratolj to actual situstions
often encountereds In o sreat nusbur of casocs bhls correspond-
. ence 1s not exact, bu% is close enouzh so thad stotistlical pre

c¢lctions con be nads with reaseuable success. The rorc usoelnl
cases will bo d'vcwws d in this section: It should be empha -

elzed apain thet there are mony sltuaticons encountered in Traec:
tlce where none of the comon distribution laws apply, 80 that
it ie not wi < ply tho regpylis nf deier mownd gmes Be0inGly
TO 8 Now Iron E : :": oo. o-. : :" M ... : 8

: eoe : .0_0. .ooo .ooo ooo sese .oo oooo oo




L X
.bﬁ“ fS'*a'Jﬁ'L:' }{:';:53,3;“_; m.::' Tha sienl M’é'c: ;e EM hnre the
res fu' :m:.:?‘lgz.tx igT.mohebd ...nﬁx’-n} bivey 0 © u{,‘c(w a
Tal 1u.n3 sutieh as the trial of tossing o colin %o fot 1end°
or the firing of a torpede af an encmy vesszel. i sonie of

thrgse cases 1t is possible to determine the nrobuhility of
succass at each trisly we enn ¢nll this p . The vwrobability
fallure in a given trial ig t%ﬁ”ufore g=1p

A tynical 'random sequence 3P QWCLQSbLu, 5 ¢ and faile
ures, F , is shoun 4n Table 2.14 vhere the case-of the
»robability 6f success 1s p = Q.9, - i

Random Secusnce of Successes (8) and Fajlures (I),

when the Pronability of Success 18 Olb. (2.14)
FFISS FF;AO P585S SFRPSE 885487 'P"T“ SSFST SFFTS SEFSS PRIF
SEFFFF FSrsF FPSEFS TSTE‘-C‘ FIFES8 SI88F 83885 ssary PFSTI‘ QFY’IF

.

This seduence ‘is Lynlea? of random events and illustrates a
number of thelr »ropertiles,

In the flrst place, the dverage result of a small number
of trials may give a completely errconsous oicture of the
probability of svecess of the rest of the trials. In this

case the first three trials were all.failures, which m¢pht
Giccourage one if 1t - nere not knovm that the probavaity of
sucecess is 50 vexc@nt. Yo novice also that the seventeenth
sot of five trials is all successes. If this were the first
set of five trilals, it night iead to over confidence.

In the twenty sets of flve tries each, there is one
with all five successes, there are three with four successe
end one fallure, six with three successes and two failureo,
five with two successes and three fallures, five with one ]
guccess and four ! allur@a, znd there is none with five fall-
nreg. It is often vseful to be able to commute the expected
va“ues off the frequency of occurrvence of sueh cases., The
expectoed value of the fraction of times a given proportion
of successes and fallures oceur in a set of trlals is, of

course, the proebavility of GPPHTJ@HMV of the provortion.
Ve chall compute the probabllity of oceurrence of & suc-
cesges and n=s fajlures In a seb of n trinls, when the
probebility of snecess in & single trial 4s v

is the *Are“se nroblen where ve have

3 v 9 dednee €rom then the
treel %aal, An erame
carinot compnte
feinite mmler

ot B s B . - J
“l 'illb &3-S .“.*.'
= 0 % CEMTT




of trials (unlgss,iaf <Bludve, Mg fem srae dywaediliegesddiandlon
completsly by mabhprgbigs sandiadedlct 't e'valm., -c;-f--p} o Hhat
we can do 1s to compute the mosf Plotable’ Vﬁluo’ﬁf*p*awa COn=
pute the probabillt" that p has other values. Illowever, this
knowledpre is sufficient to enable us to compute expected
valuos for another siniler series of trilals. This probvlenm

will also bo discussed later in the scc**on@

By the law of compound probnbll itlies, 1T sach trlal ig
indenendent, th x,Lo‘onbillt,} of a givon sequence of '8 suce
cesses and n~-f fallures in s given order (such as FSITE,
for instance, or else FFFFS) is

P® g% , where q = 1 - p.
Corresponding to any glven veIues of s and n there are
' ‘ nd
sy(n-s)l
different ordersi In which the s successes and n~s fallures
can occur (for Instance, one success and four failures is
glther SYFFF, FSFFF , FFSFFP, FFFSP, or FFFPS). It follows
that the total probability of obtaining s successes and n-s
failures in n trials 1s

P(a,n) = 1 8 A3 0 1
Sx n“s P q (‘401“.)
If we expend (p q)B by the binomigl theoren we goe that
P(s,n) is just the value of the term contsining pd3 gh-8
in the exzpanslon. For thig reanson the distribution of the
probabllity of obtaining s successes in n trials is 'nown
as  the binomial distributlon. |

The expeccted number 01 successes is, by Hquation (2.16).
B(s) & 8 Pls,n)-

e

80

- ni 8 -8
=% 8 m =
g%o slin-s)! AR

BP gay 8lln-s)i -~
= * ol ST n
P = Pp-q)

= np (ppg )=t
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In other words the expected “nq-'“ of snecezses 1s equal to
the *wmﬂ*r of trials tirmes the nrohability of success per
trinl, which is as 1t should hﬂ, In the case glven in Table
(2,2 1 the expected mumber of suceesses In five tries would
be 2.5, 1In the sequence of twenty Gens shown in Teble (2.14),
511 possible values of s except 820 occurred. The froc-
ticnal nunmber of times a hﬂvtichlﬁr value of 8§ occurred

3 (3

in the sequence of tests is given in the next table.

Somparisen of Resvite of Table {2.14) with Txpected Values

(n=5, n = 0,5)

72
5
N
e
i
e

s=f g=d su3 - : SEQ
Percent success 100 30 60 4 20 0

=N
Q

in five trials

Frwﬁ{ion of times ; .
combination 0,05 0,15 0.3¢ 0.25 0.25 0 )
rserved - (2.17)

Expeoeted value of 5 & . :
fraction, P(g,5) 0.03 0,16 0,31 0,31 0,16 0.03

Observed Teon Square Deviation (5»205)§“ . = 1.35

AV @

- s

Yhese fractions are also compared with their exvected values
P(s,5). The corresponience 1is ¢a irly close.

The observed value of s., the number of successes in

trials, may diffe? conslderably from the erxpected value

c 20t TFor inotanen, in five cases out of twenty the value is
¢xl, This is reflected in the ""Jue of the mean square devie -

ation computed from the actual results given in Table (2.14).
This comes out %o be 1. 35, having a square root apuro%iﬂntoly
equal to l.2. Ve can express the observations givon in Tsble
(tulu) v saving that the number of successges in five trials

ig 2,5+1.2, The value of the voot-me anusquar@ deviation

b
19

IR0 Mo
[

' 4
&

; Tas o measure of how widely an dindividual series of trilals
7111 deviate from the exnectasd value,
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Hence

o2(s) = R(s?) - B(s)?
= 71 (1en) L | (2.18)

® neq

The standard deviation i1s, of course, .the expected value
of the root-mean-square dewviation. TFor Table (2.14) we have
found that the root-rean-~square deviation was 1.3%« The standerd
deviation for this case turns out teo be V¥1.25, which is a
reasonable check. Theoretical caleulations would therefore
have indicated that the number of successes in five trials
would be 2.5 2 1.1, which corresponds fairly closely to the
actual results of the seouence given in Table (2.14).

As an examnle for the reader, 1t might be instructive
to analyze the following random sequence of successes and
failures for the nrobabllity of success egual to 0.33

FIFFFF SSFIY FOFFT I'TEFF SFTTT SPFFF SFSRS FSSPS SSSFF TFFFS
SFFSF FFFFF FS65S SFIPSF FFIMSS FRSFS PI'2TT FSFSF FFIFF SFFFP

Now, supbose we are given the sequency. of resulis of
Table (2,14) and are asked to find the velue of p, the proba-
bility of success of u=n individual trial. This guestion will
be discussed more comnletelv in the section on sampling, bub
it is instructive to commence the dlscussion here. The most
probable value of p would he obtained by dividing the nume
‘ber of successes actually observed by the total number of
trials, which for any single set of five trials may differ
widely from the true value. L crude measure of how widely
the true value may differ from the observed value can be come
puted by assuming, at fheewaivernf *op, atierily otgtaleee i,
observed value off ($/ndecdnd domphting®a 4i%and 24%red AWM atidn
from tl,zis EISST{TYI@_(:‘[.VE:,E.LIQ.O]‘.. _ﬁ g L X J [ X X J 080 600 6300 006 0200 S0
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\riere fa the "Cbserved number of successos in n trialsg
Wor eﬁnqnlc, if we performed only ‘ue first sset of flve
trials In Table (2.14), we Would then estimcte that the ex~
pected number of successes In five future trials woull be
2 & 1.l mnérc the figure aftor the plus-or-minus sim i3 com-
phurd from the e rresslon abovo. '

‘Vr..:‘l"‘o ) ':1010

Our estimated vealue of » froi the flrst set of ﬂlve tr*als 18
therefore 0.4 + 0.2¢ If wo wish to meks this estlmate more
eccurate, we mudt perform a larger number of trials than f(ive.

The formuls givon above for obtaining a rough estimate
of 5% breaks down comp$euel" in certaln casesa, For instanca,
in Jhe seventeenth set of trlals (which turned out to be all
guccegses) the rou~h estinate torms out to be zero, since

8 = n. A nore satisfactory vay of estinmgting the likely
range of p can be obtained from Uguation (2.15). TFor an ob-
gservaed nuntber of successes 8 In n trisls, we can find out
over what range of assumed vﬂ,uav of p L”? provahlility of
occurrence of thig resuls, “(a, n)g ls grester than one
ehance in three (or pnphaps one chance in ton 1f one wishes
to be finicking). If we have beon unluck; encu~h to have obe
toined ive successes in five trials vhon the "actual® velus
of p was 0.5, wo would not nave been able te obtaln a very

>od estimate of the vnlue of » from only trese five trisls.
A1lL we could have ssld {rom thls ome gsquence of trials was

a% thers was less than cone chinnce in three that the true
value of p was smaller then 0.8, and that the chances were
legs than one in ten that the fruu value of p was less than
0.3, The difficultles ars inheorent in the situesilon; filve
trilals are too fow to yleld a dependable volue of p.

 An instructlive 1llustration of ti:ese renoral stabtenents
lies in the criticism ofssn occosonolliy~-used procedure for
detormining the percentase of duds in a batel of ahells (or
torpedoes or grensdes):s to fire the shells until one dud
appeers, and t~cn to stop the test. Suppcse n-1 shells were
firad bofore s dud appeared and then the ntth shell was a
dud., The predicted fraction of dudsg, based on such a test,
would be \*/n), and the predicted number of duds in U shells
would be - (N/n).

06 G600 oS80 e o000 L X X4 esse o o 0080 oo [ 4 [ J (X ]
L L] , LJ L d ® L 4 L] L] LA X X L * @ e o L 4
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of{ in our rredictlon of how many duds w&ill he'*frf'the*next

" n shells. From Egquation (2.18), the probabillty of {inding

one dud in n trigls, whon the expected fraction of duds 1s q,

is ' .
P(n-1,n) = ng(leq)?l

=

»

which aporoaches nqe“mq wnien g is smell. In thals case we do
not know q, but we wislh: to dcterminoe the ran~e of values of
q over which the probability nge™ % hss reasonubly lerge
values (is largex then 0.1 for instance),.

. The maximum value of P(n-~l,n) 1s e"l, corresponding bo
the most probable value for q of (1/n). In other words, the
most probable predlction from our serics of n trisls is that
there 18 one dud in every n shells., But 1f we asgumg that g
18 twice this (2'duds per n shells), P(n-l,n) is 29”9, which
1s still larger than 0.1, In fact the range of values cf g
for which P(n-1,n)ls larger than 0.1 (i.e., for which the re-
sult of our %rialc would be ressonably probable) ls from
approximately (0.11/n) to (3.5/n). Therefors 1t 13 reesonably
probable that ths ™mnest probable" value of the fractlon of
duds, (1/n), 1s nine times larger than the "corrost" value or
Iz too small by a factor of nearly four. In othor words, it
is fairly likely that the noxt n shells would havo four duds
instead of one; 1t 1s also likely ihat thers would be only
one dud in the next 9 n shells.

The moral of this analysls 1ls that if we wilsh to be
"reasonably certain of the fractlon of duds in a lot of ahsllsg
we mast I're enoush shells so that more than onc dud appears
(in practice, enough trials so that at lsast ten duds appear
i1a sdequnts).

A ruch more thoroughgoling analysis of these questions is
civen later in this chsapter.

We sre frequently Interested In not the probablility of
obtelning exactly s successes, but rather g numbs: of suc-
cessos between two limits, sq and S5 When n, 84, sand sg are
isrge, the calculation of the indlvidual probabilitles for all
the values of g between sy and 8g becomeaz very lasborious.
These calculations can be simplified by the use of sumatlion
formalas based on the bete~functlion, which ws shell now
derive. : '
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The derivative of P(% s,n) with resveect te » (remembering
g = l-p) 1s easily seen to be

{fg,n) =-a{psl)e=a(n-5) s _n=s-1
3. gl D q

}i
w - LD ns ghites=1
af{n-s-1Jf 77 ¢

fhe other terms in the gum all eancel, Hence

Y) .
- .
P(4&syn) = ")ﬁ ni. <3 ,. _\Nmgel
’ . Bi(peg-iji P {1-p)
But if » = 1, obviously ”'<§s,n) T
=
1, )
e = 4 e DS (1 wp )A=8=1 gp
) s!(nes~l;} ) [

i =y
n

PlEs,n) = { crmieryp P° (G-p)noselap
) |

&

ow the incm'V3ete hreta~function is defined

B_{a,b) = ’{' =1 (1-p)t-1 ap
O i 1

and the complete beita<finetion as
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Ve therefore sve:ﬁ39@ *h@-ﬁlcuVShuulah fuacu,pn §o¥, thi'd.
case. is ® o e "“ N vee’ eee’ 060 & ece cose R
Ba(3+l,nes)
o e D(<L S o nlp Lo & - I {s+1,n=5 2.23)
TD(S,n> (—-Ssﬂ) 1 B(Sfl,nws) it !D\.:-ix.g?l, )) ( 4 3

vhere Fypls,n) 1s the binomial distribution funetion, that
is, the wrc%ﬁbility of obtalning s or fewer succasses in
n trials

Tebles of the ratioc

T (a,b) = ,“(a b)
ES A Teny

have been publisied (Pearsoni Tables of Incomplete Peta
Function, Camnriﬁ Tniversity Proess) and serve as the nmost
convenient method of @V&Lﬂat?gg Fb(q n) A short table of

Fb(s n) is given at the back of the book.

With  Tplsen) known, the probablility that the mumber of
successes in n trials is between g7 and 82 is easily
found. In faecl i ' '

fe

gy &8 & 85,n) = < . (n ‘h‘) pls g
‘ Ne=}s % . .
S . | (2.2h)
= P(£ gr,n} - P& .’:l--?'.,'.'}

= Fplep,n) = fpleq =1, n)
= Iplsy, n-syr 1) - In(uO* 1, n=-s2)

To 1llustrate these resvlte, suppose that a gun has a
probability of 1/10 of hitting a targot on each shot. If 100
rounds are fired, the e“wecte@ number of hits f¢ 1710 % 100 = 10,
The standard aevﬁaiion is glven by

o2 a 100 x‘%g X %% w9
or

T=3

These two results.®se S shigt SRNY LaaAmiind fak Y Boyile? a8 tae
axnected number of BN Rs 10 1038 The! u?@baﬁiﬁiiﬁ':rf@ ge 1007

: oeoe o . (Y ...a [ X N ] ..,..,‘ .‘-'. ‘...\ ..% J m
or Fy (5,100), of obba;ni*q 3 or fouss hits is showa in -

Figure 102,
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’BDY.t*laLu Qxli b pe:ﬂeﬁ"s *3Vhadheo b ven smunber of suc-
(XXX
cesse¥. "Hor the probah*lity thet n or more trials will be
neided to obtaln 8 successes ls ecxactly the same as the
probability that n-1 triasls produce s-~1 or less succoscos.
Ifence, using obvlous notation

.1’ (s,2n) z P(£s-1,n-1) (2.25)
Fb(s»l,nmlj = 1 = Ip(s,naawl)

In the sxample of the pgun, 1f 10 hits are required, the
probability that n or more shets are required is shown in
FPicure 10b.

Tne Hormel Olstribution

Woen the nunber of trials is lsrgo, the number of suce
cegsses in a serles cf repected trlials bocomes practically a
continuous. variable. Instead of s, it then becomes more con-
venient to use x =z 8 a8 a now variable, Thoe expected value

n _
of % is then p, sand 1ts standard deviation is -iven by

2,
o= (x) = _pa

n
The probability that the fraction of trials regulting Iin

succesg 18 less than x is of course equal to the probab ity
that the number of successes is less than xh, so that

Pl«z,n) = 1 = Ip ggx, n(lmxf}

if we neozlect terms of the order of unlity in comparison with
Ne

It is sometlinmea convenlont to Laa still snother variable
Vs defined by

-2 a /A (2 - p)
‘/ a Syl = n
{ n el

whose expochted volue. is O, and whose sztandard deviation is

1 In terms of y ,

r - d ‘

Ply,mn) = 1-I_ i nl(p+ /pq . e 1.

( ':y’ ) ° eoe .T) Eo ooEo o.%!;' y' by n(q > \/5:.,3.9, y),i
[ ] .. [ ]

O; -r,to (]o .30 u’f’

!1ﬂ%t1n uxi: W

;ﬁves of P(av,ﬁ)
e’y s gonerally known
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Figure 10, Binomiel distribution function Fy(gjn) for n = 100,
p = 0.1, Probability Fy(s-1,n-1) that n or more tries are
required to obtain 10 hits, for s = 10, p = O.l.
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Figure 1l1. Normel distribution function F,(y). Expected
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Faly) = Py, e @ dw (2.26)
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;oo
Fn("}f} 2 1 - Fn(“ﬂ”)

Thz curve of ¥ as a functien of F  is showm in Flpgure 13,
and @ table of values 1s siven in Table V at the back of
the book., By its ieflnﬁwion, F is the random wariabls
corresvonding to the stochastic varlable ¥y o

normal digtribution lew is much used {in fact Loo

) as an approzimation to other distribution laws,

It ig ar~lied, for evamvle, not only to long series of re-
neated trials, ™ut also to fairly short series, and also to
renregent thz dlgtribuilion of unenalyzed errors vhich occur
in vhvseizal measurerents., Its advantage 1s that 1f x  is
any stoshastic varia™ls ~hose expected value Is m and stan-

dard devizstion is g 4 We may define a variable

o Z;;;m (2 927)
af o Ka’_ X
and asgume ,"T better or worse that ¥ follows the normal
digtritmticn law. Ue thus set un a distributlon law on the
seaply tagis of only the two constankts m and « . This

prer esurs, Whwever, 1s dangerous and can lead to very érrone
oous conciusions unless tests are applied to verify the
normality of the distribution.

e
muect: tiged
Qn
P

A number of features of the normal law are obviocus from
Firvre 11. The digtributlion is symmeirical in the sense that
the prebability thab the value of y 1les between yq and
yo 3s the same as the probadbiiity that it lies between

~yo and =yq . BSmall values of ¥ are more likely than
large valves. In faet there 18 a 5070 probability that ¥y

1105 between =.67 and - o6 and a 905 brob bility that
y lies betJuea =1 .,64 and + 1,54, By defint tion, for
g normal distrlbution i
PR U ? g »”
O UG O . o:oy,.(.jé‘g? .200{}2..?7'0‘0(.:’:')00;’67. i o ee (2528)
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Table I11 % ph&eneniancas

of randon valnageo Todtt o nugwq'
ooo oeoe ,.._ .

by consldering the randon wuwlag” Pive diglh
fecimal Tractions q nT toe random valn( mi ﬁn(y} o Trom

o wiy

~e

these, br use of %ables of as & function of Fy, , we
obhtain corresnonding walues of ¥ the siochastic variadble.
£ constant amount has been aﬁd G to each groun of values of
v .so thet the average wvalne of v for each group is ex-
actly zero. This wculﬁjaau te strictly true for random val-
ues of ¥y , bub it makes the Table more useful for some of
the anpilfecntinng discussed in a later chapter. MNor is it
“rue that the aetual valvres of the mean square deviation,

(L]

V:) for ench group are equal to wnity, the standard devi-
at§0ﬂ& The TQT”P“ the samnle, howaver, %ho nearer will thic
be true {(for in@t&mcc the mean square 38V4quiﬂn for the wholc
of Table ITT is 1.015),

A glance at Tahle 111 showg that marnitudﬂs of Y smnli*r
than vnity are fairly commong magnitudes larger than tve ars
quite uncommon. Thig is tyﬁ¢ca1 ~¥ normal distrv%uivonJ,

Some Interesting and useful enplications of Table ITI will
be given in ( %apbew V.

Deviations fron th@';eintwafw“im af aircraft Borhs, nEuiEs

follow the normal disteibition, with a tﬁﬁua 1 dsviatlon in
range {(along the track of the plane) sren than the etan-

‘dard devriation in deflection (>arrcn&icuLaL to &he track of
the plane). Therefore, ¢ simple example would be the case of
the bormbirg of a carrier, when the nlane approaches on the
bear. In thls case the [ 2agth of the carrier is considerahly
larger than the deflecticn ervor, -so that misses are over ov
under (l.e., in range) r: ther than right or lefts; and the
problem becomes a one=C%i ensionnl case. IT the schndard arvror
of the bombardier -+ bomb in range is ¢ , and if the width of
the carrier 1s a , then the probability of hitting the cer-

.rier with a =ingle-bomb rom is

i3 (a/2)- e Lo J20) = QFﬁ(a/QG)

s ale) 178 = 0.40(a/e)

G —p 20
. . 410D k
T 10 (w/a) o=(a/Pa)

If the bombardler Ja “Oﬂrl..fnwn.f% ﬂau.q 36, ©TION <Rl dn

e
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is gopds ({.o e 1 muvn-qmqi}vr tﬂan i ﬁ' then a further
red ?‘(*’Wn.m o8 rezi s¥lleamoremmodtiaes s Yroholt2dnal inerease
in the number of hits. This ig another 11lustration of the

general rule that it vays rore to immrove the accuracy of
the poorest In the team rather than to improve still further
that of the best.

The case where more than one homb is droppﬂd is dis-
cussed in Chapter VI,

.

ggy Polsson Distribution - In our discussions so far of
random points on a line, we have consldered only the case in
which the length of the 3iwe is finlte., If the line is al-
lowed to inecrease in length without limit, the probability
that a given point falls in any fixed 5ntprva1 cbviously
aonroaches zZero. if hovewar, we choose not one, but a num-
ber of noiwts, and iﬂ% this nunber grov larger in proportion
to the length of the line, then the probabliilty of {inding
arny given nmber of polnua in any fixed interval mayv be ex-
nected te anvproach a finlte iimit@

Suppose that on a line of length L 4 %L points arve
chosen on the 1ine Indevpendentiy and at random. This proba~
HYiTity that any ong of these vpeints lies in a given interval
of length = 1s

w71
and by the binowminl distribution law, the probability that
exactly m of the kI vpoinds will Be found im the interval
¥ 1is :

P .

2s X
Nof’,??f L ff}xll} y¥ ” :\l

as I approaches infinity it is easily ssen that this
approaches )
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, ,1{; ot ‘ (2,29)
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The Poisson distrivution oceurs under mors gend
ditions than the foregoing derivation wiould indical
be, for examnle, that vpointe are not distribuled un
along a llne, but with a density F(x) , where x
coordinate measured along the line, In this ca
number of points falling in the interval (xlyx
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With this wvalue of §E i the probability that m points fail
i1 1o

in this interval is still given by (2.30). To zhow this,
us introduce a new coordinate y , defined by

pr

0 X

y = 5 flx)ax

oo . 4]

and ehange the scale along the line so that y is uniform
instead of x . Then on this dlstorted line, the points are
also distributec vnlformly, so that the expected mumber in-
the interval (y19y2> Is equal t0 yoiq that is, to the.

length of the intervsl. Hence the Polsson law heolds on the
g : 4
distorted line, and since the transformation from x To ¥
is single valued, it must have held cn thé original line.

9 .

It is not even neesssary to confine the Polsson law to
the distribusion of roints on a line, IT noints are ladepen=-
dently distributed cver a plane, or through a volume, in such
a way that the nrobablility of any rnarticular peint falling in
any glven region is small, then the Polsson distributlon holds
in the form of Tguation (%.30)0 This result shows that the
propabllity of m points beinz in an interval depends only
on the expected number, and nothing elss. This equatlion is

v S )] el ay SERE LT
the basis of the Pglssan distrihuiion.
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and the standard deviation 16 #lven by

o2 = B2) - Fe(m) = RO

B{m

iw
o

+ B - }:ln i1 (2031)
expressed
square
‘nterval small

T in the interva. 1s one

An Important proverty of the Polsson distribution is

by this eguation: the standard devistlion equals tho
root of the @ynect@& nunber. I we choose
ernougn so that the expected number
or two, amw¢u containing zerc or 2E wlll be frequent
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